We introduce the notion of the non-subnormal deviation of a group G. If the deviation is 0 then G satisfies the minimal condition for nonsubnormal subgroups, while if the deviation is at most 1 then G satisfies the so-called weak minimal condition for such subgroups (though the converse does not hold). Here we present some results on groups G that are either soluble or locally nilpotent and that have deviation at most 1. For example, a torsion-free locally nilpotent with deviation at most 1 is nilpotent, while a Baer group with deviation at most 1 has all of its subgroups subnormal.
Introduction
Let A be a partially ordered set. (for all such descending chains of elements ). Let G be a group and let S be some family of subgroups of G. Then S is partially ordered by inclusion. The closed interval with ends A B will be denoted by I [A B] . The deviation of S is called the S-deviation of G and is denoted S (G). If S is the set of all non-subnormal subgroups of G then we write − (G) for the "non-subnormal deviation" of G and
− (I[A B]) for the S-deviation of the interval I[A B]. The concept of deviation plays an important role in Ring
Theory. If the family of all right ideals of a ring (respectively the family of all submodules of a module) has a deviation, then this deviation is called the Krull dimension of the ring (respectively the module). Rings with Krull dimension have been extensively studied and constitute a very interesting generalization of Noetherian rings. In the sense that Krull dimension is a measure of the lattice of right ideals, so non-subnormal deviation may be regarded as a measure of the non-subnormality within a group. If − (G) = 0 then G satisfies the minimal condition for non-subnormal subgroups; groups with this property were studied in [3] . Groups satisfying − ∞ − ( − ), the weak minimal condition for non-subnormal subgroups, were considered in [9] . If G is such a group and H 1 ≥ H 2 ≥ is a descending chain of non-subnormal subgroups of G then (by definition) there is an integer such that |H : H +1 | is finite for all ≥ . In particular, each I [ − (G) = 1. On the other hand, G does not satisfy − ∞ − ( − ), as a basic result from [9] shows. There are several articles in the literature that discuss groups G with restrictions on the set of non-subnormal subgroups of G, the strongest possible conclusion being of course that all subgroups of G are subnormal (though this in turn might imply, for example, nilpotency). We refer the reader to the recent paper [11] for a list (though certainly not an exhaustive one) of several such articles. The object of the present work is to study groups G that satisfy the condition − (G) ≤ 1. In the course of our investigation we shall establish without difficulty a few results on groups G for which − (G) exists at all, but most of our discussion is concerned with the case where this deviation is at most 1, where we are able to obtain some decisive results. It is not difficult to find an example of a group G for which − (G) does not exist. Let be a prime and, for each positive integer let A be an elementary abelian group of countably infinite rank; let B denote the direct product of all the A and the automorphsim of B that acts on each A just as acts on A in the example above. Set G = B . A routine application of Lemma 2.1 below shows that − (G) does not exist. It is also easy to show that (in general) if − (G) exists and equals α and if K is an arbitrary section of G then − (K ) exists and is at most α. Another avenue of enquiry, and one that we expect to address in a future article, is that of determining the structure of groups for which the deviation (G) is small (or just exists) for subgroups that are not subnormal of defect at most , where is some fixed positive integer. Since groups with subgroups of defect at most are known to be nilpotent [18] , while groups with all subgroups subnormal need not be [6] , it is to be expected that this further restriction is a strong one. In this regard, the main result of [2] might be compared with those of [10] . Our principal results here are concerned with groups G satisfying − (G) ≤ 1 that are either locally nilpotent or soluble. We refer the reader to Theorems 4.1, 4.2, 5.1, 5.2 and 5.3. We conjecture that a locally soluble-by-finite group G with − (G) ≤ 1 is soluble-by-finite, but we have not addressed this question in the present article. This is perhaps a convenient point at which to remind the reader of two definitions. Let G be a soluble group. Then G is minimax if it has a finite abelian series with factors satisfying either max or min, and G has finite 0-rank if it has a finite abelian series with factors either finitely generated or periodic.
Some preliminary results
Let G be a group, H a subgroup of G such that H = D λ∈Λ H λ for some indexing set Λ. If M is a subset of Λ then we put 
Then HK is subnormal in G. 
Corollary 2.1.
Let G be a group such that − (G) exists and let H be a subgroup of G. 
Corollary 2.3.

Let G be a group such that − (G) exists and let be an element of G that is not contained in B(G). If
Proof. If C is a free abelian subgroup of A then C is finitely generated, by Lemma 2.3. Since C is not subnormal in G, it follows from Corollary 2.2 that A/C has just finitely many nontrivial primary components and, again by Lemma 2.3, each elementary -subgroup of A/C is finite, and so A/C is minimax. 
Corollary 2.4.
Let G be a group such that − (G) exists and suppose that B(G) is minimax. If G is soluble then it is minimax.
Proof. If G is not minimax then it contains an abelian subgroup
Lemma 2.4.
Let G be a group such that − (G) exists and suppose that G has a non-Chernikov locally finite subgroup H. Then B(G) contains all elements of G of finite order; in particular, the set of all elements of finite order in G is a subgroup.
Proof. We recall first that a group K is Chernikov if it has a normal subgroup L of finite index that is the direct product of finitely many subgroups of type C ∞ . Suppose the lemma false, let be a cyclic subgroup of G that is not subnormal in G, and let T be the torsion subgroup of B(G). By Theorem 5.8 of [7] H has an abelian non-Chernikov subgroup A, and either A has infinitely many nontrivial primary components, in which case Corollary 2.1 gives A ≤ B(G), or A has an infinite elementary abelian -subgroup E for some prime , in which case E is (similarly) contained in B(G). Thus T is not Chernikov and, since T is certainly locally soluble, we may apply a result of Zaitsev [21] (or argue directly in this special case) to deduce that T has a non-Chernikov -invariant abelian subgroup C . By Corollary 2.2 C has just finitely many nontrivial primary components and hence contains an infinite characteristic subgroup of prime exponent. Lemma 2.3 now gives the contradiction that is subnormal in G.
Some results on abelian subgroups
We begin this section with some notation and a few facts concerning modules over domains. 
Our main concern throught this section is with groups G such that − (G) is at most 1 and G is not a Baer group (that is, G = B(G)). In particular, we shall show that an abelian subgroup of such a group that is normalized by an element not in B(G) is quite restricted in structure. Our first result along these lines is as follows.
Lemma 3.1.
Let G be a group such that Proof. For (i) we may assume that A is infinite and so has infinite order, by Lemma 2.4. Set J = F and suppose for a contradiction that A contains an element such that A J ( ) = 0. Then the J-submodule B = J is isomorphic to J. Let be an arbitrary odd prime and set D = F , where
, and we obtain the corresponding decomposition 
, which is therefore subnormal in G, and so is contained in B(G). But = +1 and, since was arbitrary, we also have contained in B(G) for some positive integer and some prime distinct from , and from this we obtain the contradiction that is in B(G).
(ii) In the case where A is torsion-free an almost identical argument works, with Z in place of F .
Our next requirement is as follows.
Lemma 3.2.
Let G be a group such that
Proof. Suppose first that A has prime exponent , and suppose (as we may) that A is infinite, so that has infinite order, by Lemma 2.4. Put J = F and consider A as a J-module. By Lemma 3.1 A is periodic and so, as noted earlier, A = P∈π A P , where π = A J (A). Since each A P is -invariant the set π is finite, by Corollary 2.2, and so we may assume that A = A P . Consider Ω P 1 (A) as a vector space over the field J/P. Again by Corollary 2.2 we have that J/P (Ω P 1 (A)) is finite, and this implies that A is artinian as a J-module, as required (see, for example, Lemma 5.6 of [8] ). If A is a -group for some prime then we have from the above that B := { ∈ A : = 1} satisfies − , and it follows from Lemma 3.3 of [5] that A satisfies − . Finally, it is clear from Corollary 2.2 once more that A has just finitely many nontrivial -components, and the result follows. Not surprisingly, we are able to obtain a stronger result than the above in the special case where has finite order modulo B(G).
Lemma 3.3.
Let G be a group such that Proof. Let ∈ A and let L = A Z ( ). If ∈ B(G) for some positive integer then D := is finitely generated. As = D , which is generated by conjugates of D, the result follows in this case. Thus we may assume that ∩ B(G) = 1, and Lemma 3.1 now gives L = 0. The group ring J = Z is noetherian, so the ideal L is generated by a finite subset M. If M ⊆ Z then L = J for some ∈ N; but this is impossible, as J/L ∼ = J ≤ A, which is Z-torsion-free. J embeds in Q , and we let U be the ideal of Q generated by L. By the above, U is a proper non-zero ideal of Q , and it follows that Q (Q /U) is finite, and hence that J/L ∼ = J has finite 0-rank. So J/L has a finitely generated subgroup C such that (J/L)/C is periodic, but π((J/L)/C ) is finite, by Corollary 1.8 of [8] (for example), and this gives the result.
We are now able to deal with the case where A has finite torsion-free rank. If V is a torsion-free abelian minimax group then there is a finite set π of primes such that, for any infinite set σ of primes disjoint from π ∈σ V = 1. We may therefore choose distinct primes 1 2 such that, for each
for each positive integer , and let C = A : ∈ N . Then C is -invariant and π(A/C ) is infinite, and so Corollary 2.2 gives C subnormal in G. Thus [A ] ≤ C for some positive integer , and it follows that 
Soluble groups with small deviation
In this section we establish the following two results.
Theorem 4.1.
Let G be a soluble group such that − (G) ≤ 1, and let T be the torsion subgroup of the Baer radical B of G. If B/T is not minimax then G = B.
Theorem 4.2.
Let G be a soluble group such that − (G) ≤ 1, and let T be the torsion subgroup of the Baer radical B of G. If B/T is minimax but T is not minimax then T contains all elements of G of finite order, G/T is minimax and T satisfies − for each element ∈ G\B.
We recall from Corollary 2.4 that if G is a soluble group such that − (G) ≤ 1 and B is minimax then G too is minimax. We now present an easy and well-known result.
Lemma 4.1.
Let G be a nilpotent group, an element of G, and suppose that G is not minimax. Then C G ( ) has an abelian subgroup that is not minimax.
Proof. Argue by induction on , the nilpotency class of G. If = 1 then the result is trivial, so suppose that > 1.
Clearly we may assume that the centre Z of G is not minimax and hence that G/Z is not minimax. By induction there is an abelian subgroup A/Z of G/Z that centralizes modulo Z and the homomorphism → [
] for all ∈ A has non-minimax kernel K that centralizes . As K is nilpotent it has a non-minimax abelian subgroup [16, Theorem 10 .35] and the result follows.
Our next result provides a key ingredient of the discussion.
Lemma 4.2.
Let G be a group such that − (G) ≤ 1 and let ∈ G. Suppose that G has a finite series of normal subgroups
satisfying the following conditions.
(i) A +1 /A is abelian and torsion-free, for 0 ≤ ≤ − 1. Since B is minimax it has a finite ascending G-invariant series whose factors are torsion-free and G-rationally irreducible, and a further induction allows us to assume that B is G-rationally irreducible. If B is contained in the centre of G then G is nilpotent and Lemma 4.1 applies. Thus we shall suppose that B is not central, and we may apply Lemma 2 of [17] to deduce that there is a subgroup X of G such that X ∩ B = 1 and |G : BX | is finite. We may choose X so that X B is normal in G and X ∼ = X B/B is torsion-free. Now X is abelian and not minimax, and so X ≤ B(G), by Corollary 2.3. Certainly A ≤ B(G), and so X B is locally nilpotent, and since B is torsion-free and of finite rank it is contained in some term Z of the upper central series of G, where is finite (see, for example [16, Lemma 6 .37]). Thus X B is nilpotent, and V := Z (X B) ∩ B = 1. Since V is G-invariant we have B/V periodic and so B = V (as X B is torsion-free nilpotent). Thus X B = X × B is abelian. Let W = C G (X ). Since G/X B is finite and X B/X is minimax, G/W is minimax and so W is not minimax, and Corollary 3.1 and Lemma 4.1 apply as before to give the result.
Since a locally nilpotent group that is torsion-free and soluble has a finite characteristic series whose factors are abelian and torsion-free, the following is an immediate consequence of Lemma 4.2.
Corollary 4.1.
Let G be a group such that − (G) ≤ 1 and suppose that G has a soluble, torsion-free, locally nilpotent subgroup L that is not minimax. Then C G ( ) has a non-minimax abelian subgroup for each ∈ G, and G is a Baer group.
We need a result, along the lines of Lemma 4.2, that deals with the case where the factors A +1 /A are not necessarily torsion-free. One prerequisite is as follows.
Lemma 4.3.
Let G be a group such that − (G) ≤ 1 and suppose that H is an abelian-by-finite subgroup of G. If H is not minimax then C H ( ) has an abelian non-minimax subgroup, for each ∈ H, and H ≤ B(G).
Proof. H is nilpotent-by-finite and |H : C H ( )| is finite for each ∈ H, so C H ( ) has a non-minimax abelian subgroup (by Lemma 4.1, for example), and Corollary 2.3 applies.
If A is a normal infinite abelian subgroup of a group G then A is said to be G-quasifinite if every proper G-invariant subgroup of A is finite. Proof. The last statement follows from Corollary 2.3, so we need only show that (for ∈ B), C G ( ) has an abelian subgroup that is not minimax . If π(A) is infinite then G is a Baer group, by Corollary 2.2, and so A is nilpotent and Lemma 4.1 applies. Thuse we may assume that π(A) is finite,and even that A is a -group for some prime . Clearly we may also assume that C A ( ) is minimax (and therefore Chernikov), and hence (by 
Lemma 4.4.
Let G be a group such that − (G) ≤ 1 and let H be a normal Chernikov subgroup of G. Suppose that A/H is an abelian subgroup of G/H and that A/H is not minimax. Then C G ( ) contains an abelian non-minimax subgroup, for each ∈ A. In particular, A ≤ B(G).
Proof. Fix ∈ A. H has a finite series of A-invariant subgroups
1 = H 0 ≤ H 1 ≤ H = D ≤ H,
Corollary 4.2.
Let G be a group such that − (G) ≤ 1 and suppose that G has a finite series of normal subgroups
whose factors are abelian and periodic. Suppose further that B/A is an abelian subgroup of G/A that is not minimax. Then, for each ∈ B C G ( ) has an abelian subgroup that is not minimax. In particular, B ≤ B(G).
We are now in a position to prove the main results of this section.
Proof of Theorem 4.1. By Corollary 4.1, G/T is a Baer group, and if ∈ G then C G/T ( T ) has an abelian
subgroup A/T that is not minimax. Since A /T is abelian and non-minimax, A is contained in B(G), by Corollary 4.2. Since was arbitrary, the result follows.
Proof of Theorem 4.2. By Lemma 2.4, T contains all elements of finite order in G.
There is a finite series of
with all factors abelian, and there is an integer such that T /T is minimax but T /T +1 is not minimax. If T +1 ∈ B(G/T +1 ) then T /T +1 is nilpotent and so contains an abelian non-minimax subgroup A/T +1 with ∈ A. By Corollary 4.2, A ≤ B = B(G) and so ∈ B. This shows that B(G/T +1 ) = B/T +1 , and so if ∈ G\B then we may apply Lemma 3.2 to deduce that T /T +1 satisfies − . Thus T /T +1 satisfies − for every ∈ G\B, and by applying a similar argment as many times as required we eventually establish that T satisfies − for every ∈ G\B. Finally, if G/T is not minimax then, by the Baer-Zaitsev result referred to earlier, G/T has a nonminimax abelian subgroup U/T , and this cannot be contained in B/T . However, Corollary 4.2 gives U ≤ B and we have a contradiction that completes the proof of the theorem.
Locally nilpotent groups with small deviation
Our main aim in this final section is to describe all locally nilpotent groups with − (G) ≤ 1 and to show that a Baer group with this property has all subgroups subnormal. Much of the proof of the following result proceeds in a similar manner to the proof of Theorem A of [9] . Lemma 5.1.
Let G be a soluble Baer group such that
Proof. Let G be as stated and suppose the result false. We may choose a subgroup L that is not subnormal in G but
and, for some , LL is not subnormal in LL −1 . Since L is abelian modulo L we may assume that L is abelian. By Corollary 2.1 L/L is minimax, so there is a finitely generated subgroup F of L with L/F divisible and Chernikov. Since G is a Baer group F is subnormal and, arguing as we did for L above, we may assume that F = 1 So now L is a divisible Chernikov group, and in particular L is contained in the torsion subgroup of G, so we may assume that G is periodic. By induction on the derived length of G we may assume that G has a normal abelian subgroup A such that every subgroup of G/A is subnormal, and thus we may suppose that
, and we may factor once more and assume that C A (L) = 1. Our intention is to show that the hypothesis of solubility is not necessary in the above result (though we remind the reader that a group with all subgroups subnormal is in any case soluble [15] ). We tackle first the case where G is torsion-free. It turns out that in this case we may even weaken the hypothesis that G be a Baer group; for results on isolators in locally nilpotent groups used in the proof of the following we refer the reader to [4] .
Theorem 5.1.
Let G be a torsion-free, locally nilpotent group such that
Proof. We may assume that G is countable, and we recall from [20] that a torsion-free group with all subgroups subnormal is nilpotent. Firstly suppose that G is a Baer group, and let K be a subgroup of G. If K has finite rank then there is a finitely generated subgroup F of K whose isolator L in G contains K . But F is subnormal in G and hence so is L, and since L is nilpotent we see that K is subnormal in L and hence in G. Thus we may assume that K has infinite rank; let L be the isolator of K in G, and let ω be the smallest set of primes such that L is the ω-isolator of K in G. The argument splits into two cases.
(i) Suppose that ω is infinite. By first writing ω as the disjoint union of two infinite subsets and then writing each of these as a disjoint union of infinitely many infinite subsets, it is easy to construct two descending chains of subgroups
and such that each of the intervals
for all subgroups, and (whether or not some U or V is subnormal in G) we obtain subgroups X Y of L that are subnormal in G and have intersection K , so K is subnormal in this case.
(ii) Suppose now that ω is finite. From the proof of Theorem 2.2 of [19] we deduce that there is a subgroup M of K and an infinite set π of primes such that π ∩ ω = Φ K is the π-isolator of M in K and is not the σ -isolator of M for any proper subset σ of π. There is a descending chain of subgroups K > U 1 > U 2 > , each containing M, such that each of the intervals I[U +1 U ] does not satisfy for all subgroups, and we obtain a subgroup N of K containing M that is subnormal in G. But K is the π-isolator of N in G and is therefore also subnormal, and the proof is complete in the case where G is a Baer group.
In the general case, let B denote the Baer radical of G and suppose for a contradiction that B < G. If ∈ G \ B then does not normalize any non-minimax abelian subgroup of G, by Proposition 3.1. Choose such an element . If B has finite rank then we deduce from Lemma 2.3 that every abelian subgroup of G has finite rank, and then G has finite rank and is nilpotent, by a result of Mal'cev (see [16, Theorem 6 .36]). By this contradiction B has infinite rank, and B is nilpotent by the first part of the proof. If B is nilpotent then it has an abelian normal subgroup of infinite rank (for example, by Lemma 6.37 of [16] ), contradicting the above. Thus B is the Baer radical of B , and we may assume that G = B . Among all such counterexamples we may choose one with the derived length of B minimal; then A is subnormal in G, for some abelian normal subgroup A of G, and A is minimax, as we have seen. But then A has finite rank and is therefore nilpotent, and we have the contradiction that is subnormal in A and hence in G. This concludes the proof of Theorem 5.1.
The example presented in the Introduction shows that we cannot omit the hypothesis of torsion-freeness in the statement of the above theorem. Now let G be a Baer group with − (G) ≤ 1 and let T denote the torsion subgroup of G. We know from Theorem 5.1 that G/T is nilpotent, and so if T is soluble then every subgroup of G is subnormal, by Lemma 5.1; suppose therefore that G is periodic. Suppose next that every primary component of G is soluble (and hence has all subgroups subnormal) and let H be a subgroup of G. If H has just finitely many nontrivial primary components then it is the direct product of finitely many subnormal subgroups of G and is therefore subnormal, while if H has infinitely many such components then it is subnormal by Corollary 2.1. Thus, in order to show that an arbitrary Baer group G with − (G) ≤ 1 has all subgroups subnormal, we need deal only with the case where G is a -group for some prime . We proceed to establish a few preliminary results on such groups, but first we present a result which is applicable in more general circumstances and which is used in the proof of Theorem A of [9] .
First choose a normal subgroup N 1 of G with G/N 1 soluble such that not every finite subgroup of G/N 1 is normal, and let F 1 be a finite subgroup of G such that N 1 F 1 is not normal in G; observe that (by passing to an appropriate subgroup of N 1 if necessary) we may assume that F 1 ∩ N 1 = 1. Since F G 1 is soluble, of derived length , say, there is a subgroup M 1 of G containing F 1 that is maximal with respect to being normal in G and of derived length ; note that G/M 1 is residually soluble. N 1 is certainly not nilpotent modulo M 1 , and we may apply a result of Roseblade [18] and argue as above to obtain a finite subgroup F 2 of N 1 such that F 2 N 2 is not subnormal in N 1 of defect at most 2 modulo M 1 , where N 2 is some G-invariant subgroup of N 1 such that G/N 2 is soluble, and such that F 1 F 2 ∩ N 2 = 1. We may continue in this manner to obtain a descending chain of G-invariant
and finite subgroups F 1 F 2 such that F ≤ M ∩ N −1 and F 1 F ∩ N = 1, and such that, modulo M −1 , F N is not subnormal in N −1 of defect at most . For each subset ω of N, denote by H ω the subgroup generated by all F with ∈ ω. It is routine to check from the construction that if α β are disjoint subsets of N then H α ∩ H β = 1 (see the proof of Theorem 2.3 of [19] for a similar argument, and note that it is only the case where α and β are finite that needs addressing). We claim that if ω is infinite then H ω is not subnormal in G. Let us show first that if this is indeed the case then we have our required contradiction. Choose an infinite subset ω of N such that N \ ω is also infinite, and set H = H N K = H ω . It is clear that there is an infinite descending chain of subgroups of H each of which contains K and is not subnormal in G, and this is a contradiction. It remains only to establish the above claim. With the notation as above, we know from Lemma 2.4 that if T is not Chernikov then it is contained in B and hence has all subgroups subnormal, by Theorem 5.2, and is therefore soluble. T is also soluble if it is Chernikov, and by Theorem 5.1 G/T is nilpotent and so G is soluble. If T is not Chernikov (that is, not minimax) but G/T is minimax then T ≤ B and Theorem 4.2 describes the structure of G in this case. Thus, in view of Lemma 5.1, all we need in order to complete the proof of Theorem 5.3 is to show that the following result holds (where T is as in the statement of the theorem). Proof. Since G is generated by elements of infinite order, it suffices to show that an arbitrary element of infinite order lies in B. If G/T has infinite rank then an argument like that used to establish Lemma 4.1 (using Theorem 6.36 of [16] in place of Theorem 10.35) shows that G/T has an abelian subgroup D/T of infinite rank that centralizes T . Furthermore, D has a torsion-free abelian subgroup C of infinite rank, again by Theorem 6.36 of [16] . If ∈ C and F = then F is finite and so centralizes for some positive integer . It follows that some free abelian subgroup of infinite rank centralizes , and Corollary 2.3 gives ∈ B in this case. Suppose then that G/T has finite rank (but is not minimax), so there is a finitely generated subgroup F of G whose isolator in G is G. Since the torsion subgroup of F is finite there is a torsion-free subgroup H of finite index in F . Let π be the set of all primes such that there exists an element of G \ H with ∈ H; then π is infinite since G/T is not minimax, and we may write π as the disjoint union of two infinite subsets π 1 and π 2 . Furthermore, writing each of π 1 and π 2 as the disjoint union of infinitely many infinite subsets we see that we may construct two infinite descending chains of subgroups
H is contained in every K and every L , and
(ii) for each K is the σ -isolator of K +1 in G, for some infinite subset σ of π 1 , and each L is the τ -isolator of L +1 in G, for some infinite subset τ of π 2 . Since − (G) ≤ 1 (and whether or not any of the K or L are subnormal in G), there are subgroups X Y of K L respectively, each containing H, such that X Y are subnormal in G. Thus H = X ∩ Y is subnormal in G, and since ∈ H and H is nilpotent it follows that is subnormal in G, and so ∈ B, as required.
